In this paper we present a horizontally two-dimensional theory based on a variable-coefficient Kadomtsev-Petviashvili equation, which is developed to investigate oceanic internal solitary waves propagating over variable bathymetry, for general background density stratification and current shear.
Introduction a. Kadomtsev-Petviashvili equation

100
In the absence of dissipation and background rotation, and in a uniform background environ-101 ment, that is the topographic depth is constant and the background density field and current do horizontal shear flow. Note that if the rigid lid approximation is assumed, then the free surface 118 boundary condition is replaced by φ = 0 at z = 0. Then the coefficients α and β in equation (1) 119 are given by the usual expressions as for the well-known KdV equation,
121
whereas the coefficient γ is given by γ = c when there is no shear flow, u 0 (z) ≡ 0, but when there 
The KP equation (1) has two important conservation laws, 
for solutions A(x, y,t) localized (or periodic) in x. They represent the conservation of mass and 127 wave action flux respectively. When the depth h, background current u 0 and density ρ 0 vary slowly with x and y, the KP 130 equation (1), see Grimshaw (1981) , is replaced by the variable-coefficient KP (vKP) equation
131
{A t + cA x + cQ x 2Q A + αAA x + β A xxx } x + γ 2 A yy = 0 ,
where Q = c 2 I is the linear magnification factor, usually scaled to
where the subscript 0 indicates the values at a specific location, say x = x 0 where Q is normalised to be unity, and hereafter we will omit the¯. The modal function φ and speed c now depend 134 and hence the coefficients α, β , γ also depend (slowly) on both x and y. The derivation of the 135 evolution equation (11) requires the introduction of two small parameters δ and ε, respectively 136 characterising the wave amplitude and dispersion, and they relate to each other by δ = ε 2 in the 137 usual KdV balance. Then to leading order of the asymptotic analysis, see Grimshaw (1981) , 138 the amplitude is ε 2 A(εx, ε 2 y, εt) and the coefficients depend on the slow variablesx = ε 3 x and 139ŷ = ε 3 y. As a consequence, to keep the vKP equation (11) in a valid asymptotic regime, in essence,
140
the y-variations should be suppressed vis-a-vis the x-variations, since x is the dominant direction.
141
Although this property might seem to impose another limitation on any application, in practice this 142 is often the situation in the real ocean, that is, if the wave propagation direction is selected to be x, x-direction as the ray, consistent with our choice of topography being symmetric about that axis.
147
It is now useful for both analysis and numerical simulation, to transform equation (11) to a more 148 convenient "spatial" evolution form,
Then to leading order of the asymptotic approximation,
All terms are now of the same order, that is,
Here 152 the coefficients µ, λ , σ , Q depend on T and y, but note that the y-dependence in these coefficients 153 is order O(ε 3 ), much slower than the y-variation of A, which is order O(ε 2 ) formally. Further simplifications are
Without loss of generality, we can assume that the wave propagate in the positive x-direction, so 156 that λ > 0. Then (16) can be further transformed exactly to
158
The vKP equation (17) can be written in a form of a "forced" KdV equation,
Here it is assumed that V → 0 as X → +∞ since small amplitude waves all propagate in the 160 negative X-direction. The vKP equation (19) has two conservation laws, analogous to (9, 10),
for solutions U(X, y, ς ) localised (or periodic) in X. Note that four expressions of the vKP equa-163 tion are available, that is (11, 16, 17, 19), of which (16, 17, 19) recommended as all the variability is represented by just two coefficients ν and τ.
169
It is useful to clarify here the relationship between the wave amplitude in the transformed space and the wave amplitude in the physical space. For a solitary wave in the transformed space
171
(X, y, ς ), along a fixed y section line (y = 0 for instance), the maximum amplitude at "time" ς 172 can be expressed as
where |U m | is a local maximum, and the y-dependence is suppressed. Analogously in the physical 174 space, the maximum amplitude at the location x is written as
where |A m | is a local maximum. Then since U = A √ Q (16), and using the transforms (13),
Since here it transpires that the variation of Q is quite small, see figure 6 in our cases, we see that
177
the maximum in the transformed and physical spaces approximately coincide. Importantly, note 178 that the maximum in the transformed space is a maximum over X at a fixed "time" ς , and this 179 coincides, modulo any small variation in Q, with a maximum over time t in the physical space at 180 a fixed location x, such as would be observed at a fixed mooring site. (17) represented by,
In this scenario, the amplitude a and hence the wavenumber κ and the nonlinear phase speed 
Using the relations that νa = 12κ 2 , P ς = 4κ 2 this reduces to
which can be written in the convenient form,
This is a nonlinear mixed hyperbolic-parabolic type system for θ , P, where the first term on the generality that ν > 0, the system (29) can be simplified to an asymptotically equivalent form
But further analytical progress still seems quite difficult without further approximation. Hence, to 206 provide some insight into the structure of the solutions, we linearise this system with respect to the
207
"constant" state θ = θ 0 , noting that this is the adiabatic solution κ ∝ ν 2/3 , and so put θ = θ 0 +θ .
208
Linearisation then yields
The first term on the right-hand side generates a linear hyperbolic equation and small disturbances and pass through the Hudson Canyon, we expect that wave diffraction and refraction will occur.
234
Motivated by this and similar examples we set up an idealised undersea canyon-type topography 235 h(x, y) with typical oceanic length scales, see figure 2,
237
where
Here we set y ts = 6000 m, y tw = 2000 m, L y = 0.7, K 1 = −2.7, K 2 = 2.7, and the topography is 
241
We also consider an idealized plateau-type topography, see figure 2, whose expression is the same 242 as that of the canyon case, except that
Using these idealized topographies makes it feasible to conduct analytical work in the sequel. Al-244 though realistic topography is not considered here, we contend the framework used here can be 245 tion is relatively slower than that in the wave propagation direction. Further, as customary, since 247 the surface disturbances induced by ISW are usually very small (typically O(10 2 ) smaller), we 248 make the rigid lid approximation, and also set the background current, u 0 (z) ≡ 0. The background 249 temperature and salinity profiles are the monthly averaged data from the World Ocean Atlas 2013.
250
We choose data in July at 37.5 • N, 72.5 • W, in the vicinity of the Hudson Canyon, which is shown 251 in figure 3.
252
When examining 2D effects, another important issue is the preparation of the initial condition.
253
To simulate the waves from a generation site, here we select the well-known KdV solitary wave 254 but with a y-envelope imposed,
Here X 0 is chosen to place the solitary wave in the deep water where ν = ν 0 . E(y) is an envelope 256 function in the transverse y direction, equal to unity in a specified region |y| < L and tapering to 257 zero outside that range,
Note that the attenuation in the y-direction should be greater than that in the X-direction, so we 259 choose y w 1/κ 0 , and also we require y e y w to ensure a large value of L. To isolate the 260 dynamics of the 2D topography, we also did simulations with a y-independent initial condition,
261
that is E(y) ≡ 1. The mass constraint (20) must be satisfied, which implies that in the Fourier in the X direction, the simplest choice is D(X) = −12κ 0 /(ν 0 L X ), so that the initial mass is zero,
layers are deployed at the two edges of the X-domain (details below), a form with an envelope 267 which avoids possible end effects is used,
In principle, the lengths L e and L w can be chosen freely, but to facilitate the numerical calculations,
269
it is better to keep the pedestal small, that is to say |D 0 | a 0 , and hence |κ 0 |L e 1, so one
The asymptotic theory developed in section c can be applied to estimate the deformation of the 272 solitary wave amplitude a, ignoring any effect of the small pedestal. First, we use the asymptotic 273 solution for θ ∼ θ 0 in equation (30) where θ 2 ∝ a 3 /ν to estimate that overall the amplitude a 274 will deform adiabatically as |ν| 1/3 , with a consequent effect on the phase speed. In the physical 275 variables x,t this is c/(1 − W λ ) ≈ c(1 + W λ ) since W = νa/3 ∼ |ν| 4/3 is a small perturbation.
276
Then, in addition, the effect of the envelope function E(y) can be estimated using the linearised 277 system (31). It is clear that the main variation will then come from the end-points y = ±y e of 278 the envelope. These will generate small disturbances propagating in the y-direction with speeds 
284
Although the formulation of the vKP equation (11) is for any mode, in this paper we focus on 
290
The numerical simulations are carried out in the transformed space, using the vKP equation (17).
291
A pseudo-spectral method based on a Fourier interpolant is used in the primary wave propagation
292
(that is X here) direction, and the dispersion along the y direction is simulated by a fourth order U in the X-space at a fixed "time" ς corresponds to a time series for A at a fixed place x, see (24).
307
In both cases of the undersea canyon-type and plateau-type topography, the initial solitary wave to fission into several small ISWs, see figure 11.
327
The features described above occur for both the canyon and plateau cases, and the main differ-328 ence between these two cases is that the central part of the wave field around y = 0 is propagating 329 faster over the canyon than over the plateau, see figure 4 . This can be partly attributed to the topo-330 graphic variations in the linear phase speed c, see figure 6 , which shows that c is greater over the 331 canyon than over the plateau. However the difference is quite small, of O(5%), and comparable 332 with the change in c from deep to shallow water, due to scaling dependence on √ h. Furthermore,
333
this effect is purely kinematic and linear, whereas the simulations of the nonlinear vKP equation
334
(17) are in a reference frame moving with the speed c, and will contain dynamic effects due to 
where the subscript r indicates the reference level without y-variations, while c and p indicate dependence has to be taken into account in equation (28) or (29). With the gradual propagation up 368 the slope, the waves in the canyon (plateau) propagate ahead (behind) the waves outside, and the 369 non-adiabatic effects due to the y-variations of the topography become further enhanced, leading 370 to a significant distinction between the wave amplitudes at different y-locations. Nevertheless, the 371 total mass along the x direction on each y-section has to be conserved, which, together with the 372 spreading effect in the y direction, leads to a complicated transverse modulation (shown by the 373 dark blue colour).
374
To examine this explanation in more detail, a set of calculations based on the equation system 375 (29) is shown in figure 9 where we plot the amplitude of the leading wave using the expressions 376 for θ = κ 3 /ν 2 in (29) and the solitary wave expression νa = 12κ 2 (25) so that a = 12(θ 2 ν) 1/3 .
377
Note that the asymptotic theory (29) is based on the (21) and so conservation of wave action flux 378 is automatically satisfied. It is apparent that in the canyon case, over the slope, the amplitude of can be applied to the plateau case, but with an opposite structure. As we have noted, small y-
388
variations of the topography can lead a significant distinction through the coefficients ν and τ. In
389
order to examine which coefficient is the more effective, we show in figure 10 calculations from 390 the system (29) when the y-dependence of ν and then τ are separately removed. We see that when 391 only the y-dependence of the coefficient ν is removed, the wave field is quite different from that 392 using the full expression for ν, see figure 9 . However if instead only the y-variations in τ are 393 removed, then the wave structure is almost the same as when the full expression for τ is used.
394
We infer that it is the y-variations in the nonlinear coefficient ν which essentially determine the 395 evolving wave field, at least for the system parameters used here. 
MITgcm model simulations
397
Access to 2D observational data which incorporates a complete shoaling process is impractical.
398
Thus here we use instead a fully nonlinear and non-hydrostatic three-dimensional (3D) primitive MITgcm model, see Marshall et al. (1997) .
401
Since our presented KP theory is non-dissipative, the dissipation (eddy viscosity) in the MITgcm 402 model is also set to be zero, so that formally it solves the incompressible Boussinesq equations.
403
The simulation domain, topography and background profiles are exactly the same as in the KP 
413
To be succinct, here we only show the results with the truncated initial condition, which can be 414 observed more often in the real ocean. As the KdV-type solitary wave, given by equation (36),
415
is not fully compatible with the Boussinesq equations solved by the MITgcm model (although 416 for small-amplitude waves which are in a weakly nonlinear regime, the difference is very small),
417
thus a 2D simulation is first conducted on a flat bottom (depth h = 500 m) environment with a
418
KdV solitary wave as the initial incident wave, using the background profiles in figure 3 . Then we 419 let the wave evolve until it reaches a new stable solution, which is cut off and ready to be used.
420
Essentially in the y direction, it is not easy to impose a smooth envelope on the initial solitary 421 wave in the MITgcm 3D simulations, as described in equation (36). A compromise method is 422 to copy this preliminary 2D solution to fill a central region whose y-direction width is almost 423 the same as the central part of the envelope given in equation (37), whereas the other areas are 424 assumed to be at rest. But these sudden jumps between the initial wave and its periphery will 425 undoubtedly modulate the dynamics to some extent. Indeed, the discrepancy induced by the initial 426 conditions is significant within several hours after the model launches, but nevertheless then a 427 good agreement between the MITgcm and the vKP theory is achieved, see figure 11 . 
where Λ is the calculated amplitude in the MITgcm model (as shown in figure 11 ). Note that 443 in (41) the vertical displacement ζ can not be achieved directly from the model output, and also 444 the z-derivative is not easy in practice, so an alternative (asymptotically) equivalent form will be 445 implemented. In the linear long wave approximation
which can be combined with the conservation of mass equation
to yield
Then, also noting that to leading linear long wave order, ζ t + cζ x ≈ 0, the final approximate ex-
where u is the particle velocity in the primary wave propagation (here x) direction, one of the 
Summary and discussion
454
The vKP model can be widely applied to the real ocean, under the assumption that the y- Letters, 31 (6). 
